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Introduction 



o\ 
o\ 

Let G be a connected semi-simple complex Lie group. We define and study the 
O ' multi-parameter quantum group C 9jP [G] in the case where q is a complex parameter 

D ■ that is not a root of unity. Using a method of twisting bigraded Hopf algebras by 

\ a cocycle, 0, we develop a unified approach to the construction of C 9iP [G] and of 

■ the multi-parameter Drinfeld double D q p . Using a general method of deforming 

bigraded pairs of Hopf algebras, we construct a Hopf pairing between these algebras 
from which we deduce a Peter- Weyl-type theorem for <C q p \G\. We then describe 
the prime and primitive spectra of C 9jP [G] , generalizing a result of Joseph. In the 
one-parameter case this description was conjectured, and established in the SL(n)- 
\ case, by the first and second authors in Jl||, It was proved in the general case 

by Joseph in Jl8|, In particular the orbits in PrimC 9 . p [G] under the natural 
action of the maximal torus H are indexed, as in the one-parameter case by the 
elements of the double Weyl group W x W. Unlike the one-parameter case there is 
not in general a bijection between SympG and PrimC 9iP [G]. However in the case 
when the symplectic leaves are algebraic such a bijection does exist since the orbits 
corresponding to a given w G W x W have the same dimension. 
& ■ In the first section we discuss the Poisson structures on G defined by classical 

q^i r-matrices of the form r = a — u where a = X) q <er + 6q ^ e - Q e ^ 2 9 an< ^ u e ^ 2 ^- 

Given such an r one constructs a Manin triple of Lie groups (G x G,G,G r ). Unlike 
the one-parameter case (where u = 0), the dual group G r will generally not be an 
algebraic subgroup of G x G. In fact this happens if and only if u G A 2 ()q. Since 



the quantized universal enveloping algebra U q (o) is a deformation of the algebra of 
functions on the algebraic group G r |Q , this explains the difficulty in constructing 
multi-parameter versions of U q (g). From [^2[ one has that the symplectic leaves 
are the connected components of G n G r xG r where x G G. Since r is iZ-invariant, 
the symplectic leaves are permuted by H with the orbits being contained in Bruhat 
cells in G x G indexed by W x W. In the case where G r is algebraic, the symplectic 
leaves are also algebraic and an explicit formula is given for their dimension. 

The philosophy of |L5L |l6| was that, as in the case of enveloping algebras of 
algebraic solvable Lie algebras, the primitive ideals of C g [G] should be in bijection 
with the symplectic leaves of G (in the case u = 0). Indeed, since the Lie bracket 
on g r = Lie(G r ) is the linearization of the Poisson structure on G, PrimC giP [G] 
should resemble Prim{7(jj r ). The study of the multi-parameter versions C g p [G] is 
similar to the case of enveloping algebras of general solvable Lie algebras. In the 
general case PrimJ7(g r ) is in bijection with the co-adjoint orbits in g* under the 
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action of the 'adjoint algebraic group' of g r , ]12[ . It is therefore natural that, only 
in the case where the symplectic leaves are algebraic, does one expect and obtain 
a bijection between the symplectic leaves and the primitive ideals. 

In section 2 we define the notion of an L-bigraded Hopf K-algebra, where L is an 
abelian group. When A is finitely generated such bigradings correspond bijectively 
to morphisms from the algebraic group L v to the (algebraic) group R(A) of one- 
dimensional representations of A. For any antisymmetric bicharacter p on L, the 
multiplication in A may be twisted to give a new Hopf algebra A p . Moreover, given 
a pair of L-bigraded Hopf algebras A and U equipped with an L-compatible Hopf 
pairing Ax U — > IK, one can deform the pairing to get a new Hopf pairing between 
Ap-i and U p . This deformation commutes with the formation of the Drinfeld double 
in the following sense. Suppose that A and U are bigraded Hopf algebras equipped 
with a compatible Hopf pairing A op x U — » K. Then the Drinfeld double A XI U 
inherits a bigrading such that (A IX U) p = A p M U p . 

Let Cq[G] denote the usual one-parameter quantum group (or quantum func- 
tion algebra) and let U q (g) be the quantized enveloping algebra associated to the 
lattice L of weights of G. Let U q (b + ) and U q (b~) be the usual sub-Hopf al- 
gebras of U q (g) corresponding to the Borel subalgebras b + and b~ respectively. 
Let D q {g) = U q (b + ) X U q (b~) be the Drinfeld double. Since the groups of 
one-dimensional representations of U q (b + ), U q (b~), D q (g) and C q [G] are all iso- 
morphic to H = L v , these algebras are all equipped with L-bigradings. More- 
over the Rosso- Tanisaki pairing is compatible with the bigradings on U q (b + ) and 
U q (b~). For any anti-symmetric bicharacter p on L one may therefore twist si- 
multaneously the Hopf algebras U q (b + ), U q (b~) and D q (g) in such a way that 
D q , p (g) = U q . p (b + ) M U q , p (b~). The algebra D q>p (g) is the 'multi-parameter quan- 
tized universal enveloping algebra' constructed by Okado and Yamane p5| and 
previously in special cases in §, HJ. The canonical pairing between C g [G] and 
U q (g) induces a L-compatible pairing between C q [G] and D q (g). Thus there is 
an induced pairing between the multi-parameter quantum group C g , p [G] and the 
multi-parameter double D qp -i(g). Recall that the Hopf algebra C q [G] is defined 
as the restricted dual of U q {g) with respect to a certain category C of modules over 
U q (g). There is a natural deformation functor from this category to a category 
C p of modules over D qp -i(g) and Cq iP [G] turns out to be the restricted dual of 
D qp -i(g) with respect to this category. This Peter- Weyl theorem for C giP [G] was 
also found by Andruskiewitsch and Enriquez in JlJ using a different construction of 
the quantized universal enveloping algebra and in special cases in || . 

The main theorem describing the primitive spectrum of C 9iP [G] is proved in the 
final section. Since C g , p [G] inherits an L-bigrading, there is a natural action of 
H as automorphisms of C 9iP [G]. For each w E W x W, we construct an algebra 
A w = (Cq !P [G]/I w )s w which is a localization of a quotient of C 9jP [G] . For each prime 
P E SpecC 9iP [G] there is a unique w E WxW such that P D I w and PA W is proper. 
Thus SpecC 9)P [G] \J W EWxH , ^P ec iu ^wP] where Spec^, P [G ] = Spec A w is 
the set of primes of type w. The key results are then Theorems 4.14 and 4.15 which 
state that an ideal of A w is generated by its intersection with the center and that 
H acts transitively on the maximal ideals of the center. From this it follows that 
the primitive ideals of C g , p [G] of type w form an orbit under the action of H. 

An earlier version of our approach to the proof of Joseph's theorem is contained 
in the unpublished article p7j . The approach presented here is a generalization of 
this proof to the multi-parameter case. 
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These results are algebraic analogs of results of Levendorskii |2(], on the irre- 
ducible representations of multi-parameter function algebras and compact quantum 
groups. The bijection between symplectic leaves of the compact Poisson group and 
irreducible ^-representations of the compact quantum group found by Soibelman 
in the one-parameter case, breaks down in the multi-parameter case. 

After this work was completed, the authors became aware of the work of Con- 
stantini and Varagnolo |7|, |8| which has some overlap with the results in this paper. 



1. Poisson Lie Groups 

1.1. Notation. Let g be a complex semi-simple Lie algebra associated to a Cartan 
matrix [aij]i^.ij^. n - Let {<ii}i<ji^ n be relatively prime positive integers such that 
[diCLij]i<^ij^ n is symmetric positive definite. 

Let () be a Cartan subalgebra of 9, R the associated root system, B = {ot\ ,...,«„} 
a basis of R, R+ the set of positive roots and W the Weyl group. We denote 
by P and Q the lattices of weights and roots respectively. The fundamental 
weights are denoted by vj\ , . . . , w n and the set of dominant integral weights by 
P + = X^Li-^ 7 - 17 *- Let ( — 1 — ) be- a non-degenerate g-invariant symmetric bilinear 
form on g; it will identify g, resp. f), with its dual g*, resp. f)*. The form (— , — ) 
can be chosen in order to induce a perfect pairing P x Q — > Z such that 

(zui,a>j) = Sijdi, (ai,ctj) = didij. 

Hence d,; = (aj,aj)/2 and (a, a) G 2Z for all a € R. For each aj we denote by 
hj G t) the corresponding coroot: zui(hj) = We also set 

= ® ae n+B±*, b ± = f)©n ± , 5 = g x g, t=fjxE), u ± = n ± x n T . 

Let G be a connected complex semi-simple algebraic group such that Lie(G) = g 
and set D = G x G. We identify G (and its subgroups) with the diagonal copy 
inside D. We denote by exp the exponential map from t) to D. We shall in general 
denote a Lie subalgebra of c) by a gothic symbol and the corresponding connected 
analytic subgroup of D by a capital letter. 

1.2. Poisson Lie group structure on G. Let a = X)qsR+ e ° ^ e -a e ^ 2 where 
the e Q are root vectors such that (e a , ep) = 5 a ,-i3- Let u G A 2 () and set r = a — u. 
Then it is well known that r satisfies the modified Yang-Baxter equation || pp| 
and that therefore the tensor 7r(q) == Q g )*r — { r g)* r furnishes G with the structure 
of a Poisson Lie group, see [|l3| ((lg)* and (r ff )* are the differentials of the 
left and right translation by g G G). 

We may write u = J2i<i j< n u ijhi ® hj for a skew-symmetric n x n matrix [uy]. 
The element u can be considered either as an alternating form on f)* or a linear 
map u G End f) by the formula 

Vx G f), u(x) = 'y^ Ujj(x,hj)hj. 

The Manin triple associated to the Poisson Lie structure on G given by r is described 
as follows. Set u± = u ± / G End f) and define 

1? : fj ^ t, tf(af) = -(u-(x), u + {x)), 

a = g r = a©u+. 
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Following |3(| one sees easily that the associated Manin triple is (t),g,g r ) where g 
is identified with the diagonal copy inside £). Then the corresponding triple of Lie 
groups is (D, G, G r ), where A = exp(a) is an analytic torus and G r = AU + . Notice 
that g r is a solvable, but not in general algebraic, Lie subalgebra oft). 

The following is an easy consequence of the definition of a and the identities 
u + + w_ = 2u, u + — w_ = 21: 

a={{x,y)et | x + y = u(y - x)} = {(x,y) Gt | u+(x) = 

(1.1) 

Recall that exp : f) — ► H is surjective; let Lh be its kernel. We shall denote by 
X(if) the group of characters of an algebraic torus K . Any \ G is given by 

y(expx) = expdx(a;), ^ G f)i where d% G f)* is the differential of x- Then 

X(H) = L = L H ° := U G I f C 2wrZ}. 

One can show that L has a basis consisting of dominant weights. 

Recall that if G is a connected simply connected algebraic group with Lie algebra 
q and maximal torus H 7 we have 

L a = P° = ©? =1 2mtZ/ij, X(fT) S P, 

QCLCP, 7ri(G) =L H /P° SP/L 

Notice that L#/P° is a finite group and expu(L#) is a subgroup of We set 

F = {(a, a) £T | a 2 = l}, A= {(a, a) G T | a 2 G expu^)}, 

r = A n -ff = {(a, a) <E T \ a = cxpx = expy, x + y — u(y — x)}. 

It is easily seen that F = G n G r . 

Proposition 1.1. We have A = F.Fo. 

Proof. We obviously have To C A. Let (exp ft, exp ft) G F, feel). By definition 
there exist (x, y) G a, li, £% G such that 

x = ft + ti, y = ft + £2, y + x — u(y ~ x). 

Hence y + x = 2ft + l\ + £2 = u(£ 2 — £1) and (exp ft) 2 = exp 2ft = expu(£ 2 — £t)- 
This shows (exp ft, exp ft) G A. Thus r.r C A. 

Let (a, a) G A, a = exp ft, ft G f). From a 2 G expu(Ln) we get £,£' G such 
that 2ft = u(/)+£ Setx = h-£/2-£'/2, y = h+t' /2-£/2. Then y+x = u\y-x) 
and we have exp(-£/2 - £'/2) = exp(£'/2 - £/2), since £' G Ljj. If 6 = cxp(-f /2 + 
£/2) we obtain exp a; = expy = a6 _1 , hence (a, a) = (exp x, exp y). (b, b) G TTq. 
Therefore r.r = A. □ 

Remark . When u is "generic" Fo is not contained in T. For example, take G to 
be SL(3, C) and u = a{h\ ® h 2 - h 2 ® fti ) with a Q. 

Considered as a Poisson variety, G decomposes as a disjoint union of symplectic 
leaves. Denote by Symp G the set of these symplectic leaves. Since r is TJ-invariant, 
translation by an element of H is a Poisson morphism and hence there is an induced 
action of H on Symp G. The key to classifying the symplectic leaves is the following 
result, cf. @ || . 

Theorem 1.2. The symplectic leaves of G are exactly the connected components 
of G n G r xG r for x e G. 
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Remark that A, T and G r are in general not closed subgroups of D. This has 
for consequence that the analysis of Symp G made in [ fl5| , Appendix A] in the case 
u = does not apply in the general case. 

Set Q = HG r = TU + . Then Q is a Borel subgroup of D and, recalling that 
the Weyl group associated to the pair (G, T) is W x W, the corresponding Bruhat 
decomposition yields D — U w( zwxwQwQ = U we wxwQwG r - Therefore any sym- 
plectic leaf is contained in a Bruhat cell QwQ for some w £ W x W . 



Definition . A leaf A is said to be of type w if A C QwQ. The set of leaves of 
type w is denoted by Symp^ G. 

For each w £W xW set w — (u> + , u>_ ) , w± £ W, and fix a representative w in 
the normaliser of T. One shows as in [|l5| Appendix A] that G fl QwG r ^ 0, for all 
w 6 IF x W; hence Symp^ and GC\G r wG r ^ 0, since QwQ = UheHhG r wG r . 

The adjoint action of D on itself is denoted by Ad. Set 

U~ = Adw(U) n U + , A' w = {ae A awG r = wG r }, 
T' w = {teT | tG r wG r = G r wG r }, H' w = H n T^. 

Recall that C/~ is isomorphic to 0( w ) where l{w) = l{w + ) + l(w_) is the length of 
w. We set s(w) = dimi?^. 

Lemma 1.3. (i) A' w = kdw(A) f)A and T' w = A. Adw(A) = AH' W . 

(ii) We have \jie{A' w ) = a' w = {$(x) | x £ Ker(u_wZ 1 -u + — u+w^u^)} and 
dim aZ, = n — s(w). 

Proof, (i) The first equality is obvious and the second is an easy consequence of the 
bijection, induced by multiplication, between U~ x T x U + and QwQ — QwG r . 

(ii) By definition we have a' w = {$(x) \ x £ f), w^ 1 (i3(x)) £ a}. From ( [L~l| ) we 
deduce that $(x) £ a' w if and only if u+w^ 1 (—u-(x)) = U—WZ{— 

It follows from (i) that dim T' w = n + dim H' w = 2n — dim A' w , hence dim a' u = 
n — s(w). □ 

Recall that u £ End f) is an alternating bilinear form on f)*. It is easily seen that 
VA, ^ € fj*, u(X,fi) = — ( 4 u(A),/i), where *u £ End I)* is the transpose of it. 

Notation . Set *u = — $, <I>± = <f>±7, cr(iy) = $_w_$ + -<f> + ?« + $_, where w± £ 1¥ 
is considered as an element of End f)*. 

Observe that t u± = — $ T and that 

u(X, fi) — ($A, fi), for all A,/z £ h*. (1.2) 

Furthermore, since the transpose of tc± £ Endt)* is w^. 1 £ Endf), we have t a(w) = 
it-wZ 1 u + — m+mjT'u-. Hence by Lemma 1.3 



s(w) = codimKer^. <r(w), dim^ = dimKerf,* a(w). (1-3) 
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1.3. The algebraic case. As explained in 1.1 the Lie algebra g r is in general not 
algebraic. We now describe its algebraic closure. Recall that a Lie subalgebra m 
of U is said to be algebraic if m is the Lie algebra of a closed (connected) algebraic 
subgroup of D. 

Definition . Let m be a Lie subalgebra of 0. The smallest algebraic Lie subalgebra 
of 5 containing m is called the algebraic closure of m and will be denoted by m. 

Recall that g r — a © u + . Notice that u + is an algebraic Lie subalgebra of 0; 
hence it follows from (J, Corollary II. 7. 7] that § r = a © u + . Thus we only need to 
describe a. Since t is algebraic we have a C t and we are reduced to characterize 
the algebraic closure of a Lie subalgebra of t = Lie(T). 

The group T = H x H is an algebraic torus (of rank 2n). The map y >— > d\ 
identifies X(T) with L x L. 

Let 6 C t be a subalgebra. We set 

t x = {6 e X(T) I £ C Kert<9}. 

The following proposition is well known. It can for instance be deduced from the 
results in [§ II. 8]. 

Proposition 1.4. Let I be a subalgebra of t. Then i = f)g e (± Ker t # and i is the 
Lie algebra of the closed connected algebraic subgroup K = r\g £ t± Ker-r 9. 

Corollary 1.5. We have 

a 1 - = {(A, n) e X(T) | $+A + $_^ = 0}, 
« = n (A :M )Ga-L Ker t (A, /i), A = n (x ^ )ea ± Ker T (A, fj). 
Proof. From the definition of a = $(h) we obtain 

(A, fi) e a- 1 Vx e I), X(-u-(x)) + p,(-u + (x)) = 0. 
The first equality then follows from *u± = — <&zp. The remaining assertions are 



consequences of Proposition |L4[ □ 
Set 

f) Q = Q © z P° = ©? =1 Q/ii, f)* Q = Q ©z P = ©?=iQro< 
4 = Q ©z a 1 - = {(A, n) edjxte | $+A + = 0}. 



Observe that dimQ aA = rkz ft and that, by Corollary 1.5, 

dim a = 2n — dimQ ciq. (1.4) 

Lemma 1.6. = {v 6 ^ | $i/ e f}^}. 
Proof. Define a Q-linear map 

It is easily seen that this provides the desired isomorphism. □ 
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Theorem 1.7. The following assertions are equivalent: 

(i) Q r is an algebraic Lie subalgebra of d; 

(ii) u(P x P) c Q; 

(iii) 3m 6 W, $(mP) C P; 

(iv) r is a finite subgroup of T . 

Proof. Recall that Q r is algebraic if and only if a = a, i.e. n = dim o = dim a. By 



( |l.4| ) and Lemma |l.6| this is equivalent to ^(P) C P)q = Q ®z P- The equivalence 



of (i) to (iii) then follows from the definitions, (1.2) and the fact that l u = — 

To prove the equivalence with (iv) we first observe that, by Proposition 1.1, T is 
finite if and only if expit(L#) is finite. Since Lh /P° is finite this is also equivalent 
to expu(P°) being finite. This holds if and only if u(mP°) C P° for some m G N*. 
Hence the result. □ 



When the equivalent assertions of Theorem L7 hold, we shall say that we are in 
the algebraic case or that u is algebraic. In this case all the subgroups previously 
introduced are closed algebraic subgroups of D and we may define the algebraic 
quotient varieties D/G r and G = G/T. Let p be the projection G — > G. Observe 
that G is open in in D/G r and that the Poisson bracket of G passes to G. We set 

Cw = G r wG r /G r , C w = QwG r /G r = UheiihC w 

B^ = e^nG, B w = c w nG, A w =p~ 1 (B w ). 

The next theorem summarizes the description of the symplectic leaves in the 
algebraic case. 

Theorem 1.8. 1. Symp^, G ^ for allw € WxW, SympG = U weWxW Symp,„ G. 

2. Each symplectic leaf of G, resp. G, is of the form hB^, resp. hAw, for some 
h £ H and w G Wx W, where Aw denotes a fixed connected component of p~ l (B w ) . 

3. C w = A w x [/~ where A w = A/ A' w is a torus of rank s(w). Hence dimC^ = 
dimZ?^ = dmiAw = l(w) + s(w) and H/ Stabn Aw is a torus of rank n — s(w). 

Proof. The proofs are similar to those given in (ll| Appendix A] for the case u = 
0. □ 



2. Deformations of Bigraded Hopf Algebras 

2.1. Bigraded Hopf Algebras and their deformations. Let L be an (additive) 
abelian group. We will say that a Hopf algebra (A, i, m, e, A, S) over a field K is an 
li-bigraded Hopf algebra if it is equipped with an L x L grading 

A = @ A\ >fl 

(A,/i)£LxL 

such that 

1. K C A ,o, Ax^Ay^ c ^a+a', m + M ' (i-e. A is a graded algebra) 

2. A(i A# )c^ eL A v «^ 

3. A ^ —/j, implies e(A\^) = 

4. S(A Xtll ) c A^ x . 
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For sake of simplicity we shall often make the following abuse of notation: If 
a e A\ ttl we will write A(a) = J2 V a \v ® a -v,ni a \v e Ax.m a,- Vj(1 <E A-„ tli . 

Let p:LxL-» K* be an antisymmetric bicharacter on L in the sense that p is 
multiplicative in both entries and that, for all A,|i £ L, 

(i)pO,m) = i ; (2)p(\,n)=p(ji,-\). 

Then the map p : (L x L) x (L x L) — > K* given by 

p((A,/i),(AV)) =ka,a')p(m,mO" 1 

is a 2-cocycle on L x L such that p(0, 0) = 1. 

One may then define a new multiplication, m p , on A by 

Vae V kvlyy, a-b = p{X,X')p{p,,p!y 1 ab. (2.1) 

Theorem 2.1. A p := (A,i,m p ,e,A,S) is an Jj-bigraded H op f algebra. 

Proof. The proof is a slight generalization of that given in j| . It is well known that 
A p = (A,i,m p ) is an associative algebra. Since A and e are unchanged, (A,A,e) 
is still a coalgebra. Thus it remains to check that e, A are algebra morphisms and 
that S is an antipode. 

Let x € A\ itl and y e A\/^i. Then 

e(x ■ y) = p(X, X')p{p, n'y 1 e(xy) 

= P(X, X')p(fi, fi'y 1 6\-^6y- f _ l ,e(x)e(y) 
= p(X,X')p(-\,-XT 1 e(x)e(y) 

So e is a homomorphism. Now suppose that A(x) = X^A.i/ <8> £-1/,^ and A(y) = 
*£,y\',v' ® V-u',n'- Then 

A(x) ■ A(y) = (£2 x\, v (g) x-w) ■ (^2 yyy ® y-wy) 

= P(X, X')p(n, p.')' 1 ~^p{v, v'y 1 p(-v, -v')xx,uV\'y ® x-u,ny-ui,ii' 

-p(A,A'MM,M')" 1 A(xy) 

= A(x ■ y) 

So A is also a homomorphism. Finally notice that 

= /i) _1 5(x A ^)x_^ M 

= p(X,ny 1 e(x) 
= e(x) 

A similar calculation shows that X) ' •S'( a; (2)) = e ( x )- Hence S is indeed an 
antipode. □ 
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Remark . The isomorphism class of the algebra A p depends only on the cohomology 
class [p] e H 2 (L x L, K*), § §3]. 

Remark . Theorem [2.l| is a particular case of the following more general construc- 
tion. Let (A,i,m) be a K-algebra. Assume that F £ GLk(A ® A) is given such 
that (with the usual notation) 

(1) F{m ® 1) = (m <& 1)F 23 F 13 ; F(l ®m) = (l® m)Fi 2 f\ 3 

(2) F(« <8> 1) = i <g> 1 ; F(l ® i) = 1 <8> i 

(3) F12F13F23 = ^23^13^12, i-e. F satisfies the Quantum Yang-Baxter Equation. 
Set mp = m o F . Then (A, i, rap) is a K-algebra. 

Assume furthermore that (A, i, m, e, A, S) is a Hopf algebra and that 

(4) F : A (£) A — » A (g) A is morphism of coalgebras 

(5) mF(S ® 1)A = m(S ® 1)A ; mF(l ® 5)A = m(l ® 5)A. 

Then Ap := (A, i, to^, e, A, S) is a Hopf algebra. The proofs are straightforward 
verifications and are left to the interested reader. 

When A is an L-bigraded Hopf algebra and p is an antisymmetric bicharacter as 
above, we may define F £ GL^(A <g) A) by 

Va e Ax, M , V6e A A ><, F(a®6) = p(A, X')p(fj,, fi'^a <gs 6. 

It is easily checked that F satisfies the conditions (1) to (5) and that the Hopf 
algebras Aj? and A p coincide. 

A related construction of the quantization of a monoidal category is given in 

m 

2.2. Diagonalizable subgroups of R(A). In the case where L is a finitely gen- 
erated group and A is a finitely generated algebra (which is the case for the multi- 
parameter quantum groups considered here), there is a simple geometric interpre- 
tation of L-bigradings. They correspond to algebraic group maps from the diago- 
nalizable group L v to the group of one dimensional representations of A. 

Assume that K is algebraically closed. Let (A, i, m, e, A, S) be a Hopf K-alge- 
bra. Denote by R(A) the multiplicative group of one dimensional representations 
of A, i.e. the character group of the algebra A. Notice that when A is a finitely 
generated K-algebra, R(A) has the structure of an affine algebraic group over K, 
with algebra of regular functions given by K[i?(A)] = A/ J where J is the semi- 
prime ideal Clh£R(A) Ker h. Recall that there are two natural group homomorphisms 
l,r : R{A) -> Aut K (A) given by 

l h(x) = J2h(S(x (1) ))x {2 ) =^/i _1 (s(i))a; ( 2) 

Theorem 2.2. Let A be a finitely generated Hopf algebra and let L be a finitely 
generated abelian group. Then there is a natural bijection between: 

1. li-bigradings on A; 

2. Hopf algebra maps A — > KL (where KL denotes the group algebra); 

3. morphisms of algebraic groups L v — > R{A). 

Proof. The bijection of the last two sets of maps is well-known. Given an L- 
bigrading on A, we may define a map 4> : A — > KL by <p{a\^) = e(a)u\. It is easily 
verified that this is a Hopf algebra map. Conversely, given a map L v — > R(A) we 
may construct an L bigrading using the following result. 
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Theorem 2.3. Let {A, i,m,e, A, S) be a finitely generated Hopf algebra over¥L. Let 
H be a closed diagonalizable algebraic subgroup of R{A). Denote byli the (additive) 
group of characters of H and by (—,—) : L x H — > K* the natural pairing. For 
(A,/i)eLxL set 

A\^ = {x€A\Vh€H, l h {x) = (A, h)x, r h (x) = (fi, h)x). 

Then {A, i, m, e, A, S) is an Jj-bigraded Hopf algebra. 

Proof. Recall that any element of A is contained in a finite dimensional subcoal- 
gebra of A. Therefore the actions of H via r and I are locally finite. Since they 
commute and H is diagonalizable, A is L x L diagonalizable. Thus the decompo- 
sition A = © (A:M)eLxL A x ^ is a grading. 

Now let C be a finite dimensional subcoalgebra of A and let {ci, . . . , c„} be a 
basis of H x H weight vectors. Suppose that A(a) = Yl^ij ® c j- Then since 
Ci = J2tij € ( c j)i the tij span C and it is easily checked that A(ijj) = J^tjfc ® tkj- 
Since Zfc(cj) = X)^ _1 (^i) c i f° r all /i G and the Ci are weight vectors, we must 
have that h(tij) = for i =/= j. This implies that 

and that the map Ai(/i) = h(tu) is a character of Thus £ A-\ it \. and hence 

This gives the required condition on A. If A + \i =/= then there exists an /i e 
such that (—A, /i) ^ (/i, /i). Let x e ^U,^- Then 

(/j,,h)e(x) = e(r^(x)) = = e(^-i(x)) = (-A, /i)e(x). 

Hence e(x) = 0. The assertion on S follows similarly. □ 

Remark . In particular, if G is any algebraic group and H is a diagonalizable 
subgroup with character group L, then we may deform the Hopf algebra K[G] 
using an antisymmetric bicharacter on L. Such deformations are algebraic analogs 
of the deformations studied by Rieffel in p7[ . 

2.3. Deformations of dual pairs. Let A and U be a dual pair of Hopf algebras. 
That is, there exists a bilinear pairing ( | ) : A x U — > K such that: 

1. {a | 1} = e(a) ; (1 | u) = e(u) 

2. (a | uw 2 ) = J2( a (i) I u i)( a (2) I u 2 ) 

3. (aia 2 | u) = J2( a i I M (i))( a 2 I "(2)) 

4. (5(a) | u) = (a | S(u)>. 

Assume that A is bigraded by L, U is bigraded by an abelian group Q and that 
there is a homomorphism " : Q — > L such that 

<A A , M | U 1>s ) + only if A + fi = 7 + 5. (2.2) 

In this case we will call the pair {A, U} an Ti-bigraded dual pair. We shall be 
interested in §3 and §4 in the case where Q = L and " = Id. 
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Remark . Suppose that the bigradings above are induced from subgroups H and 
H of R(A) and R(U) respectively and that the map Q — > L is induced from a map 
h i— > h from H to H. Then the condition on the pairing may be restated as the 
fact that the form is ad-invariant in the sense that for all a £ A, u £ U and h £ H, 

(&dh a | u) = (a | ad^ u) 

where ad^ a — riJh{a). 

Theorem 2.4. Let {A, U} be the bigraded dual pair as described above. Let p be an 
antisymmetric bicharacter on L and let p be the induced bicharacter on Q. Define 
a bilinear form ( | ) p : A p -i x[/^I by: 

(OA./i I u 7i s) p = p(X,jy 1 p(^,Sy 1 (a Xtfl I u-f t s). 
Then {\} p is a Hopf pairing and {A p ~i, Up} is an li-bigraded dual pair. 
Proof. Let a £ A\^ and let Ui £ U liy s i , i = 1,2. Then 

(a | u 1 u 2 ) p =_p(7i,7 2 )p(<5i,(52)^V(A,7i + 72)~ 1 p(A 1 A + 8 2 y 1 (a \ uiu 2 ). 

Suppose that A(a) = ^2 v a\ yV ® a-u,n- Then by the assumption on the pairing, 
the only possible value of v for which {ax,u \ ui){a,—i/ jfl \ u 2 ) is non-zero is v — 
71 + <5i — A = /i — 72 — S 2 . Therefore 

( a (i) I "i) P ( a (2) I u 2 ) p =p(\,*f 1 y 1 p(v,5 1 y 1 p(-v, ; y 2 y 1 p(nJ 2 y 1 (a {1) \ u 1 ){a (2) | u 2 ) 
= p{\jiy 1 p{n-j2 - 8 2 ,5 1 )~ 1 p(\ - 7i - S 1 ,^ 2 )~ 1 p(fi,S 2 y 1 (a^) | ui)(o(2) I "2} 
= p(7i) 12)p(Si, 5 2 y 1 p(X, 71 +7 2 ) _1 p(m,'5i + < S >2)~ 1 (a | 1*1^2) = (a | uiu 2 ) p . 
This proves the first axiom. The others are verified similarly. □ 

Corollary 2.5. Let {A, U, p} be as in Theorem Let M be a right A-comodule 
with structure map p : M — > M ® A. Then M is naturally endowed with U and 
Up left module structures, denoted by (u, x) 1— > ux and (u, x) 1— > u ■ X respectively. 
Assume that M = ©AeL-^A f or some ¥L-subspaces such that p{M\) C ^2 M— u <8) 
A v .\. Then we have Uj.$M\ C M^_~% and the two structures are related by 

Vu G U ly s, Va; £ A/a, it • # = p(X, 7 — <5)p(7, <5)ux. 

Proof. Notice that the coalgebras A and A p -i are the same. Set p(x) = Y x (o) ( & x (i) 
for all x £ M. Then it is easily checked that the following formulas define the desired 
U and Up module structures: 

VueU, ux = J2x (0) (x il) I u), u ■ x = ^2 x (0) I u )p- 
When x £ M\ and u £ U 1 ^s the additional condition yields 

u ■ x = ^2 x (o)P(v, -7)P(A, -5) I u) . 



But (a;/i) I u) ^ forces — v = A — 7 — <5, hence u ■ a; = p(A, 7 — 5)p(j, 5) Y x <o) ( x (i) I 
u) = p(X, 7 — 5)p(*{, S)ux. □ 
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Denote by A op the opposite algebra of the K-algebra A. Let {j4° p , U, ( | )} be a 
dual pair of Hopf algebras. The double A M U is defined as follows, 3.3]. Let 
/ be the ideal of the tensor algebra T(A ® U) generated by elements of type 

1-lA, 1-lu (a) 

xx' — x <E> x' , x,x' £ A, yy' — y®y', y,y' EU (b) 

x (i) ® 2/(1) (^(2) I 2/(2)) - (x(i) I V(i))V(2) ® X(2), xe A,y eU (c) 

Then the algebra A M U := T{A <g> U)/I is called the Drinfeld double of {A, U}. It 
is a Hopf algebra in a natural way: 

A(a ®u) = (a (1) (g) ® (a (2 ) ® u (2 )), 
e(a (g) u) = e(a)e(it), 5(a ® ti) = (5(a) ® 1)(1 ® S{u j). 

Notice for further use that AMU can equally be defined by relations of type 
(a), (b), (c x . y ) or (a), (b), (c y<x ), where we set 

x ® y = | y(i))(x( 3 ) | S , (y( 3 )))y(2) ® sc(2), « e A, y e U (c x>y ) 
y®x= (x (1) | S{y (1) ))(x (3) | 2/( 3 ))a:(2) ® y (2 ), x A, y £ U (c y , x ) 



Theorem 2.6. Let {A op , U} be an L-bigraded dual pair, p be an antisymmetric 
bicharacter on L and p be the induced bicharacter on Q. Then AMU inherits an 
L-bigrading and there is a natural isomorphism of "L-bigraded Hopf algebras: 

(A M U) p ~ A p M Up. 

Proof. Recall that as a K- vector space AMU identifies with A (8 U. Define an 
L-bigrading on A M U by 



Va,^eL, (AMU) a ^= V A X ^®U 1 , S 



A — 7— a,fj,— 8=0 



To verify that this yields a structure of graded algebra on A M U it suffices to check 
that the defining relations of A M U are homogeneous. This is clear for relations of 
type (a) or (b). Let x\ tfi € A\^ and y 7t g 6 £7 7! <s. Then the corresponding relation 
of type (c) becomes 

^2xx,uy-r^{x-u,n I y-ts) - | y-t,t)y-t,sx-w (*) 

When a term of this sum is non-zero we obtain —v + (J, = — £ + 5, A + = 7 + £. 
Hence A — 7 = —u + £ = —fi + 6, which shows that the relation (*) is homogeneous. 



It is easy to see that the conditions (2), (3), (4) of 2.1 hold. Hence A M U is an 
L-bigraded Hopf algebra. 



Notice that (A p ) op = (^4 op ) p -i, so that Theorem 2.4 defines a suitable pairing 
between (^4 p ) op and Up. Thus A p M Up is defined. Let <f> be the natural surjec- 
tive homomorphism from T(A ® U) onto A p M Up. To check that induces an 
isomorphism it again suffices to check that <f> vanishes on the defining relations of 
(A M U) p . Again, this is easy for relations of type (a) and (b). The relation (*) 
says that 



p{\l)p{~v,C){x- v ^ I y^^s)x x ^u ■ 2/ 7 ,e -p(£,v)p{6, -/j,)(xx,^ I y 7 , e )y- 6jS • x- Ujfl = 
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in (A IX U) p . Multiply the left hand side of this equation by p(X, —j)p(fi, —5) and 
apply 4>. We obtain the following expression in A p IX Up: 

P(- V ,0p(ti,-S)(x- V , M I y^s)xx, v y-y,i - p{X, -*/)p(v, -|) (x\ ifi \ y 1>s )y^ <s x- v ^ 
which is equal to 

I V-t,s)v x \yVlA ~ (X\ tli | y~r,t)py-£,6X-v,ii- 

But this is a defining relation of type (c) in A p X Up, hence zero. 

It remains to see that <p induces an isomorphism of Hopf algebras, which is a 
straightforward consequence of the definitions. □ 



2.4. Cocycles. Let L be, in this section, an arbitrary free abelian group with basis 
{uji, . . . ,u! n } and set fj* = C ®z L. We freely use the terminology of j| . Recall that 
H 2 (L,C*) is in bijection with the set TL of multiplicatively antisymmetric n x n- 
matrices 7 — [7^]. This bijection maps the class [c] onto the matrix defined by 
7ij = c(u;j, u)j)/c(u)j, Wj). Furthermore it is an isomorphism of groups with respect 
to component-wise multiplication of matrices. 



Remark . The notation is as in We recalled that the isomorphism class of 
the algebra A v depends only on the cohomology class [p] £ H 2 (L x L,K*). Let 
7 6 TL be the matrix associated to p and 7 -1 its inverse in Tt. Notice that the 
multiplicative matrix associated to [p] is then 7 = [ ^ -1 ] in the basis given by the 
(wj, 0), (0, u>i) £ L x L. Therefore the isomorphism class of the algebra A p depends 
only on the cohomology class [p] £ £f 2 (L,K*). 

Let h £ C*. If x £ C we set q x = cxp(— xH/2). In particular g = cxp(— /i/2). Let 
h:LxL- >Cbea complex alternating Z-bilincar form. Define 

p:LxL^C, p(A,/i) =exp(- Ju(A,^)) =g3 u ( A -"). (2.3) 

Then it is clear that p is an antisymmetric bicharacter on L. 

Observe that, since f)* = C ®z L, there is a natural isomorphism of additive 
groups between A 2 f) and the group of complex alternating Z-bilinear forms on L, 
where f) is the C-dual of fj*. Set Z h = {u £ A 2 f) | u(L x L) c ^f-Z}. 

Theorem 2.7. There are isomorphisms of abelian groups: 

tf 2 (L,C*) = W = A%/Z h . 

Proof. The first isomorphism has been described above. Let 7 = [7^] £ TL and 
choose Uij, 1 < i < j < n such that 7^ = exp(— fuij). We can define it £ A 2 t) by 
setting u(a>i,a;j) = Uij, 1 < i < j < n. It is then easily seen that one can define an 
injective morphism of abelian groups 

ip : H 2 (L, C*)^H^ A 2 t)/Z h , <p(i) = [u] 

where [u] is the class of u. If u £ A 2 f), define a 2-cocycle p by the formula (2.3). 
Then the multiplicative matrix associated to [p] £ H 2 (L, C*) is given by 

jij =p(wi,Wj)/p(u}j,u)i) ^piuji^j) 2 = exp(-~u(u)i,Uj)). 
This shows that [u] = <^([7y]); thus ip is an isomorphism. □ 
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We list some consequences of Theorem 2.7. We denote by [u] an element of 
A 2 f)/ Z% and we set [p] — <p _1 ([u]). We have seen that we can define a representative 
p by the formula ( |2.3| ). 

1. [p] of finite order in H 2 (L.C*) <4> u(L x L) C ^Q, and q root of unity <^> 
h G inQ. 

2. Notice that u — is algebraic, whether q is a root of unity or not. Assume 
that q is a root of unity; then we get from 1 that 

[p] of finite order Ouis algebraic. 

3. Assume that q is not a root of unity and that m^O. Then [p] of finite order 
implies (0) ^ u(L x L) c f Q. This shows that 

^ « algebraic => [p] is not of finite order. 

Definition . The bicharacterp : (A,p) i— » gT is called g-rational if « G A 2 F) is 
algebraic. 

The following technical result will be used in the next section. Recall the defini- 
tion of <E>_ = $ — I given in the Section 1. 

Proposition 2.8. LetK = {A G L : ($_A,L) C ^Z}. 1/ g is not a root of unity, 
then K = 0. 

Proof. Let A G K. We can define z : F)q — ► Q, by 

V/i£l)Q, (*-A,/i) = — z(p). 

The map z is clearly Q-linear. It follows, since ( , ) is non-degenerate on f)Jj, that 
there exists v & f)q such that z(p) = (v,fi) for all p G fjjj. Therefore $_A = -f^, 
and so $A = A + ^i/. 

Now, ($A, A) = u(X, A) = implies that 

_(z,,A) = -(A,A) 

If (A, A) 7^ then H G wrQ, contradicting the assumption that q is not a root of 
unity. Hence (A, A) = 0, which forces A = since A G L C f)o- □ 



3. Multiparameter Quantum Groups 

3.1. One-parameter quantized enveloping algebras. The notation is as in 
sections 1 and 2. In particular we fix a lattice L such that Q C L C P and we 
denote by G the connected semi-simple algebraic group with maximal torus H such 
that Lie(G) = q and X(H) = L. 

Let q G C* and assume that q is not a root of unity. Let SgC \ iirQ such that 
q = exp(— ft/2) as in |2^. We set 

qi = q di , ?i = (?i -^r 1 ) -1 ) 
Denote by [7° the group algebra of X(iJ), hence 

C/° = C[A;a; AgL], fc = 1, k x k tl = k x+ll . 



ALGEBRAIC STRUCTURE OF MULTI-PARAMETER QUANTUM GROUPS 



15 



Set ki = k ai , 1 < i < n. The one parameter quantized enveloping algebra associated 
to this data, cf. , is the Hopf algebra 

Ugiti^U^J,; l<i<n] 

with defining relations: 

fc^-fc- 1 = q^e j: k^fjk- 1 = q- {X ^f 3 
C-ifj ~ fj e i = fcj ) 

1 J2(-^ k [ 1 -:-] q ^~ a "~ k ^=o, m^j 

k—0 

1—aij 

k=0 

where [m] t = (t - t^ 1 ) . . . (t m - t~ m ) and [£] t = [fc]t gl fc]t ■ The Hopf algebra 
structure is given by 

A(fc A ) = fc A ®fc A , e(fc A ) = l, 5'(fcA) = fc A 1 
A(ei) = e 4 ® 1 + fci ® ej, A(/,) = / 4 ® fer 1 + 1 ® /< 
e ( e i) = e (/i) = 0) 5 ( e i) = -K le i> S(fi) = ~fih- 
We define subalgebras of C/ 9 (g) as follows 

E/,(n + ) - C[ ei , ; 1 < » < n], U q (n~) = C[/ i5 ; 1 < i < n] 
U q (b+) = U°[ ei , ; 1 < i < n], U q (b~) = U°[fi, ; 1 < % < n\. 

For simplicity we shall set = ?7 g (n ± ). Notice that U° and J7 g (b ± ) are Hopf sub- 
algebras of U q (g). Recall p3] that the multiplication in U q (g) induces isomorphisms 
of vector spaces 

U q {g) = U~ ®U° ®U + ®U° ®U~. 

Set Q+ = e" =1 Nai and 

V/3 G Q+, Uf = {u G U± | VA e L, k x uk^ 1 = g^'^u}. 
Then one gets: f/ ± = (BpeQ+U±p. 

3.2. The Rosso-Tanisaki-Killing form. Recall the following result, |2§|, |3l|. 

Theorem 3.1. 1. There exists a unique non degenerate Hopf pairing 

< | ) :U q {b+r®U q {b-)^C 

satisfying the following conditions: 

(i) {k x \k v ) = q-^; 

(ii) VA e L, 1 < i < n, (k x | fi) = (e, | fc A ) = 0; 

(iii) VI <i,j < n, (e 4 \ fj) = -S lJ q l . 

2. I/7,?7 6 Q+, (U+ | UZ V ) ^ implies 7 = 77. 

The results of §[T^ then apply and we may define the associated double: 

D q (g) = U q (b+) M U q (b~). 
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It is well known, e.g. JToj] , that 

Dq{d) = C[s A ,t A , e*, fi ; A G L, 1 < i < n] 
where s x = k x ®\, t x = 1 ® k x , = e, <g) 1, /, = 1 ® /i- The defining relations of 



the double given in §2.3 imply that 

s x e jS ^ = g^e,-, t^ 1 = ^^e,, s,/^ 1 = q-^fi, t x f 3 t^ = q ~^) f. 
It follows that 

D g (g>)/(s x - t x ; A G L) ^ h-> e*, / 4 i-> s A i-> k x , t x i-> fc A . 

Observe that this yields an isomorphism of Hopf algebras. The next proposition 
collects some well known elementary facts. 

Proposition 3.2. 1. Any finite dimensional simple U q (b ± )-module is one dimen- 
sional and i?(?7 g (b ± )) identifies with H via 

VheH, h(k x ) = (\,h), h(ei) = 0, h(fi) = 0. 

2. R(D q (2)) identifies with H via 

VheH, h(s x ) = (X,h) ) h(t x ) = (X,h}-\ h(e l ) = h(f l )=Q. 

Corollary 3.3. 1. {U q (b + ) op , U q (b~)} is an "L-bigraded dual pair. We have 
k x G t/ 9 (b ± )_ A ,A, e, G U q {b + )- ai , , fi G U q (b~)o t - ai . 
2. D q (g) is an "L-bigraded Hopf algebra where 

s x G D g (g)_A,A, t x G D q (g) x _ x , ej G D^g)-^, /* G D q (g) 0iOti . 
Proof. 1. Observe that for all h G H, 

lh(k x ) = h-\k x ) = (-A, h)k x , r h (k x ) = h(k x ) = (A, h)k X) 
lh{et) = h^ 1 (k i )e l = (-a*, h)e u r h (ei) = e u 
Wi) = ft, r h (fi) = ^(fcr 1 )/, = ft)/,. 

It is then clear that = 17+ and UjT = £/~ for a ll 7 G Q+. The claims then 



follow from these formulas, Theorem 2.3, Theorem R.lL and the definitions 



2. The fact that D q (g) is an L-bigraded Hopf algebra follows from Theorem 



2.3. The assertions about the L x L degree of the generators is proved by direct 



computation using Proposition 3.2. □ 



Remark . We have shown in Theorem 2.6 that, as a double, D q (o) inherits an 
L-bigrading given by: 

D q (g) Q:0 = U q (b+) x ^®U q (b-) 1 j. 

A— 7— a, 11— 5=fS 

It is easily checked that this bigrading coincides with the bigrading obtained in the 



above corollary by means of Theorem 2.3 
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3.3. One-parameter quantized function algebras. Let M be a left Z3 g (g)-mo- 
dule. The dual M* will be considered in the usual way as a left D 9 (g)-module by 
the rule: {uf)(x) = f(S(u)x), x G M, f G M*, u G D q (g). Assume that M is an 
£/ 9 (fj)-module. An element x G M is said to have weight fi G L if /cax = q^'^x for 
all A G L; we denote by M M the subspace of elements of weight [i. 

It is known, jL3j, that the category of finite dimensional (left) /7 g (9)-modules 
is a completely reducible braided rigid monoidal category. Set L + = Lfl P + and 
recall that for each A G L + there exists a finite dimensional simple module of 
highest weight A, denoted by L(A), cf. |^9| for instance. One has L(A)* = L(woA) 
where wq is the longest element of W. (Notice that the results quoted usually cover 
the case where L = Q. One defines the modules L(X) in the general case in the 
following way. Let us denote temporarily the algebra U q (g) for a given choice of L 
by Uqxid)- Given a module L(X) defined on U q ,Q(g) wc may define an action of 
Utj^is) by setting k\.x = q^ x ^x for all elements x of weight fx, where <jr(*>W is as 
defined in section 2.4.) 

Let C q be the subcategory of finite dimensional U q (g)-modules consisting of finite 
direct sums of L(A), A G L + . The category C q is closed under tensor products and 
the formation of duals. Notice that C q can be considered as a braided rigid monoidal 
category of D g (g)-modules where s\, t\ act as k\ on an object of C q . 

Let M e obj(C g ), then M = 9^lM m . For / e M*, v 6 M we define the 
coordinate function c/,„ G U q (g)* by 

Vu e U g (g), c ftV (u) = (/, uv) 

where ( , ) is the duality pairing. Using the standard isomorphism (M ® N)* = 
N* (g) M* one has the following formula for multiplication, 

Definition . The quantized function algebra C q [G] is the restricted dual of C q : 
that is to say 

C q [G] =C[ C/ ,„;^ M, f e M*, M 6 obj(C,)]. 

The algebra C g [G] is a Hopf algebra; we denote by A, e, S the comultiplication, 
counit and antipode on C q [G]. If . . . , v s ; fi, . . . , f s } is a dual basis for M G 
°bj(C 9 ) one has 

A(c/,t,) = 22 c f,vt ® c/ i)V , e(cf tV ) = (f,v), S(cf, v ) = c v j. (3.1) 

Notice that we may assume that G Af^ , fj G M*^. . We set 

C{M) = C(c/, fl ; / G AT, « G M), C{M) X ^ = C(c f , v ; / G M* x , v G M„>. 

Then C(Af) is a subcoalgebra of C 9 [G] such that G(Af) = (A ^ )eLxL G(M) A , iU . 
When M = L(A) we abbreviate the notation to G(Af) = G(A). It is then classical 
that 

CJG] = G(A). 
agl+ 

Since C g [G] c t/ 9 (fl)* we have a duality pairing 

(, ):C,[G]xD,(g)^C. 
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Observe that there is a natural injective morphism of algebraic groups 
H — ► R(C q [G\), h(c flV ) = fa, h)e(c ftV ) for all v G M„, M G obj(C,). 
The associated automorphisms Th,lh € Aut(C q [G]) are then described by 
Vc f>v G C(M)x,n, r h (c f . v ) = {fi,h)cf tV , lh{cf. v ) = {X,h)cf, v . 

Define 

V(A, /*) G L X L, C 9 [G] A , M = {a G CJG] | r h (a) = (p, h)a, l h (a) = (A, fc)o}. 

Theorem 3.4. The pair of Hopf algebras [C q [G], D q (g)} is an li-bigraded dual 
pair. 



Proof. It fo llow s from (3.1) that C q [G] is an L-bigraded Hopf algebra. The axioms 
(1) to (4) of 2.3 are satisfied by definit ion of the Hopf algebra C g [G]. We take " to be 

the identity map of L. The condition ( |2.2| ) is consequence of D q {g) 1 ^M tl C ,,-,5 

for all M G C q . To verify this inclusion, notice that 

ej G D q (g)^ aj . , fj G D q (g) 0tOlj , e,j C M M+Qj , fjM^ C M^ aj . 

The result then follows easily □ 

Consider the algebras D q -i(g) and C g -i[G] and use * to distinguish elements, 
subalgebras, etc. of D q -i(g) and C q -i[G]. It is easily verified that the map a : 
D q (g) -> D q -i(g) given by 

, t 1/2 it f i/2~ —1 

is an isomorphism of Hopf algebras. 

For each A G L + , er gives a bijection er : L(— woA) — > £(A) which sends w G 
L{— WqK)^ onto u G i(A)_^. Therefore we obtain an isomorphism a : C q -i[G] — > 
C q [G] such that 

V/ G L(-w A)*_ X) v G L{-w A)^ a(c fii ) = c Lv . (3.2) 

Notice that 

a(D q (g) ltS ) = £) g -i(fl)_ 7 _ 5 and cr(C 9 -i [G] A , M ) = Cq[G]_ A ,- M . 

(3.3) 

3.4. Deformation of one-parameter quantum groups. We continue with the 
same notation. Let [p] G i/ 2 (L, C*). As seen in §2.4 we can, and we do, choose p 
to be an antisymmetric bicharacter such that 

VA,^eL, p(A,Ai) = qi u ^ 

for some u G A 2 t). Recall that p G Z 2 (L x L, C*), cf. [DJ 

We now apply the results of § |2~l] to Z? 9 (g) and C g [G] . Using Theorem ^T] we can 
twist D q (g) by p _1 and C q [G] by p. The resulting L-bigraded Hopf algebras will be 
denoted by D qp -i{g) and C 9jP [G]. The algebra C 9iP [G] will be referred to as the 
multi-parameter quantized function algebra. Versions of D q p -i (g) are referred to by 
some authors as the multi-parameter quantized enveloping algebra. Alternatively, 
this name can be applied to the quotient of D q p -i (g) by the radical of the pairing 
with <C q .p[G]. 
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Theorem 3.5. Let U q _ p -i (b + ) and U qiP -i (b ) be the deformations by p 1 ofU q (b + ) 
and U q (b~) respectively. Then the deformed pairing 

< | ) p -i ■.u q ^(b+yp<s>u l} ^(b-)^c 

is a non- degenerate H op f pairing satisfying: 

VxeU + ,yeU-, A,/t€L, (x-k x \yk ll ) p -i = q^- x ^(x\y). 



(3.4) 



Moreover, 

U q , p -i(b+) N f/ 9lP -i(b-) = (tf,(b+) M ^(b-)),,-! - Z?, lP -i(fl). 
Proof. By Theorem the deformed pairing is given by 

(aA, M | u lt5 ) p -i = p(X,j)p((j,,5)(ax tti \ u ltS ). 



To prove (3.4) we can assume that x S ?7_ 7 q, y £ C/q Then we obtain 
(a; • k\ | y • = p(A + 7, /i)p(A, ju - ^)(a; • fc A | y ■ fe/x) 

= p(A, 2/i)p(A — /i, 7 — v)q~( x '^ (x | y) 

by the definition of the product • and J|3|, 2.1.3]. But (x | = unless 7 = z/, 
hence the result. Observe in particular that (a; | y) p -i — (x \ y). Therefore |J33[ 
2.1.4] shows that (I ) p -i is non-degenerate on (7+ X UZ^. It then follows from ( |3.4| ) 
and Proposition t hat ( | is non-degenerate. The remaining isomorphism 



follows from Theorem 2.6. □ 



Many authors have defined multi-parameter quantized enveloping algebras. In 
|l4| p5| a definition is given using explicit generators and relations, and in jj| the 
construction is made by twisting the comultiplication, following p6| . It can be easily 
verified that these algebras and the algebras D qp -i(o) coincide. The construction 
of a multi-parameter quantized function algebra by twisting the multiplication was 
first performed in the GL(n)-case in ||. 

The fact that D qp -i(o) and C gjP [G] form a Hopf dual pair has already been 
observed in particular cases, see e.g. Jl4[ . We will now deduce from the previous 
results that this phenomenon holds for an arbitrary semi-simple group. 

Theorem 3.6. {C g . p [G], D q p -i (g)} is an h-bigraded dual pair. The associated 
pairing is given by 

Va e C qtP [G}x,f_i, Vu e i\ p -i (0)7,5, (a, u) p = p(X, j)p(n, 5) (a, u). 



Proof. This follows from Theorem |2.4| applied to the pair {A, U} — {C q [G], Z3 9 (g)} 
and the bicharacter p _1 (recall that the map " is the identity). □ 



Let M £ obj(C g ). The left -D 9 (jj)-module structure on M yields a right C g [G]- 
comodule structure in the usual way. Let \y\, . . . , v s ; f\, . . . , f s } be a dual basis for 
M. The structure map p : M — » M ® C q [G], is given by p{x) — J2j v j ® c fj,x for 
x G M, Using this comodule structure on M, one can check that 

M p = {x e M I Vh e H, r h (x) = {/jt, h)x}. 
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Proposition 3.7. Let M G obj(C q ). Then M has a natural structure of left 

D qp -i(o) module. Denote by M" this module and by (u,x) i— > u ■ x the action 
ofD qtP -i(g). Then 

Vu G Dg(g) r y ! g, Vx G M\, u ■ x = p(X, 5 — r y)p(8, j)ux. 



Proof. The proposition is a translation in this particular setting of Corollary 2.5 



□ 

Denote by C q , p the subcategory of finite dimensional left D a v -i ( g)-m odules 
whose objects are the M" , M G obj(C g ). It follows from Proposition |3.7| that if 
M G obj(Cg), then AT = ©^M^, where 

M p = {x G M I Va € L, s a ■ x = 2a)q^- a) x 1 t a ■ x = p(p, ~2a)q^ a) x}. 
Notice that p(jt, ±2a)q^^ = g±(*±**>a). 

Theorem 3.8. 1. The functor M — > M" from C q to C q _ p is an equivalence of rigid 
monoidal categories. 

2. The Hopf pairing (, ) p identifies the Hopf algebra C g , p [G] with the restricted 
dual ofC q ^ p , i.e. the Hopf algebra of coordinate functions on the objects of C q%p . 

Proof. 1. One needs in particular to prove that, for M,N G obj(C 9 ), there are 
natural isomorphisms of D q p -i (g)-modules: <pm,n ■ (M®iV)" — > M" ® TV". These 
isomorphisms are given by x ® y i-> p(A, fJ,)x ® y for all x G Ma, y £ N p . The other 
verifications are elementary. 

2. We have to show that if M G obj(C g ), / G M*, v G M and u 6 D 9)P -i(fl), 
then {cf_ v ,u) p — (f,u-v). It suffices to prove the result in the case where / G 
M£, v G M M and u G _D g p -i (g) 7 ,<5. Then 

(/, u-v) = p(ji, S - j)p(S, 7) (/, uv) 

= f5-A+ 7 +A>p(-A + 7 + 5, 5 - i)p[5, 7)(/, uu) 

= p(X,j)p(fj,,S)(f, uv) 

by Theorem BJJ. □ 



Recall that we introduced in §3.3 isomorphisms a : D q (o) — > -D g -i(g) and <r : 
C 9 [G] — > C 9 -i [G]. From ( |3.3|) it follows that, after twisting by p' 1 or p, a induces 
isomorphisms 

Dq tP -i{Q) ^ £> g -i jP -i(fl), C q -i iP [G] ^ Cq,p[G\ 
which satisfy (3.2). 

3.5. Braiding isomorphisms. We remarked above that the categories C q , p are 
braided. In the one parameter case this braiding is well-known. Let M and N be 
objects of C q . Let E : M (g> N — » M ® 2V be the operator given by 

£(m ® n) = q( x, ^m ® n 

for to G and n G A^^. Let r:M®7V^7V(g)Mbe the usual twist operator. 
Finally let C be the operator given by left multiplication by 

G= £ G^ 

/3eQ+ 
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where Cp is the canonical element of -Dg(fl) associated to the non-degenerate pairing 
Up ®UZp — * C described above. Then one deduces from |}3], 4.3] that the operators 

6 M N = T o C o E^ 1 : M ® N ->• N <g> M 

define the braiding on C g . 

As mentioned above, the category C gjP inherits a braiding given by 

1pM,N — <PN,M ° @M,N ° </>M,AT 

where <pm,n is the isomorphism (M ® iV)" ^» Af" ® A" introduced in the proof 
of Theorem |3.8| (the same formula can be found in [l], §10] and in a more general 
situation in p4j). We now note that these general operators are of the same form 
as those in the one parameter case. Let M and iV be objects of C 9iP and let 
E : M ® N — > M ® N be the operator given by 

-E(m (g) n) = q^+ x '^m ® n 

for rn 6 Mx and n G A^. Denote by C/3 the canonical element of D qp -i(g) 
associated to the nondegenerate pairing U q>p -i (b + )_/3,o ® U q _ p -i (b~)o,-/3 — ► C and 
let C : M <g> N — > M <g> AT be the operator given by left multiplication by 

/3eQ+ 

Theorem 3.9. TTie braiding operators ipM,N ar £ given by 

ipM,N — T C o J? . 

Moreover (iPm.n)* = ipM*,N*- 

Proof. The assertions follow easily from the analogous assertions for 9m, n- d 

The following commutation relations are well known ||, [fH 4.2.2]. We include 
a proof for completeness. 

Corollary 3.10. Let A, A' e L+, let g e L(A')*_ V and f £ L(A)* and Zei «a 6 
L(A)a- 27ien /or any v G L(A') 7 , 

r .r, — „(* + A ^)-(* + M,')) r .„ . r 1 „(*+A.7)-(*+^.n) rj • r 

wftere G {U q . p -i (b + )/)_ A1+l/ and g„ G (U qiP -i (b~)g)- v -u are such that J2f"® 

9» = E^Q+\{0} C M/®5)' 

Proof. Let -0 = '0l(A),l(A')- Notice that 

Using the theorem above we obtain 

r (/ ® <?) = g-(*+"'") (5 (8 / + ^ <?„ ® /„) 

and 

^(u A <8>«) = a~ (<I> + A ' 7) («®fA)- (3.5) 
Combining these formulae yields the required relations. □ 
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4. Prime and Primitive Spectrum of C q . p [G] 

In this section we prove our main result on the primitive spectrum of C q . p [G]; 
namely that the H orbits inside Prim m Cg jP [G] are parameterized by the double 
Weyl group. For completeness we have attempted to make the proof more or less 
self-contained. The overall structure of the proof is similar to that used in [Il6) 



except that the proof of the key 4.12 (and the lemmas leading up to it) form 
a modified and abbreviated version of Joseph's proof of this result in the one- 
parameter case pl|. One of the main differences with the approach of [18) is the 



use of the Rosso- Tanisaki form introduced in 3.2 which simplifies the analysis of 
the adjoint action of Cg >p [G]. The ideas behind the first few results of this section 
go back to Soibelman's work in the one-parameter 'compact' case |3l[]. These ideas 
were adapted to the multi-parameter case by Levendorskii po| . 

4.1. Parameterization of the prime spectrum. Let q,p be as in § |3.4| . For 

simplicity we set 

A = C q . p [G] 



and the product a ■ b as defined in (2.1) will be denoted by ab. 



For each A £ L + choose weight vectors 

v A £ L(A) A , v Wo a G L(A) WaA , /_ A G L(A)*_ A , f- Wo \ £ L(A)*_ WqA 
such that (/_ a ,Ua) = (f-w \,Vw A) = 1- Set 

A+ =E E Cc /^> A ~=H E Cc /.<w 

f£L( P )' M eL+ feL(p)' 

Recall the following result. 

Theorem 4.1. The multiplication map A + ® A~ — > A is surjective. 

Proof. Clearly it is enough to prove the theorem in the one-parameter case. When 
L = P the result is proved in [fl| 3.1] and Theorem 3.7]. 

The general case can be deduced from the simply-connected case as follows. One 
first observes that C q [G] C C q [G] = © AeP + G(A). Therefore any a £ C q [G] can 
be written in the form a — Y] A i A"eP+ c f- v h> C a, v -A" where A' — A" 6 L. Let A 6 P 
and {vf, fi}i be a dual basis of L(A). Then we have 

1 = 4 c vaJ-a) =^2cfi,VA C Vi,f-A- 

i 

Let A' be as above and choose A such that A+A' £ L + . Then, for all i, Cf.v K ,Cf i . VK £ 
C(A + A')nA+ and c Vi j_ A c g , v _ A „ £ C(-w (A + A"))nA~ . The result then follows 
by inserting 1 between the terms Cf, Vfi , and c g , v _ K ,, . □ 

Remark . The algebra A is a Noetherian domain (this result will not be used in the 
sequel). The fact that A is a domain follows from the same result in [[l8[ Lemma 
3.1]. The fact that A is Noetherian is consequence of U, Proposition 4.1] and [§ 
Theorem 3.7]. 

For each y £ W define the following ideals of A 

4 = < c /V«a I / G (£W(b + )£(A), A )\ A e L+), 

ly = (Cf,v woA I / G (tWCtO^AWoA)^, A £ L+) 
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where ( ) denotes the orthogonal in L(A)*. Notice that I = cr(Z+), a as in §3.4 

y y i — 

and that is an L x L homogeneous ideal of A. 



Notation . For w = (w + , w_ ) G W x W set I w = J+ + J~_ . For A G L+ set 
CwA = c/_ ro+A , t , A S C(A)_ tu+A ,A and c w \ = c Vw _ A j_ A G C(-w A) w _a,-A- 



Lemma 4.2. Let A G L + and a G j4_ ?; , 7 . Then 



c wA a ee q^ w ^-^ A ^ac wA mod 7+ 
c wA a = ^^-^-(•-"-A^a^A mod J; 



Proof. The first identity follows from Corollary 3 . 1C| and the definition of J+ . The 



second identity can be deduced from the first one by applying a. □ 

We continue to denote by c w \ and c w \ the images of these elements in A/I w . It 
follows from Lemma [T^ that the sets 

£ w+ = {ac wA | a G C, A G L + }, £„,_ = {ac w A | a G C*, A G L + }, £ w = £ w+ £ w _ 

are multiplicatively closed sets of normal elements in A/I w . Thus £ w is an Ore set 
in A/I w . Define 

A w = {A/I w )g . 

Notice that a extends to an isomorphism a : A^ — > A w , where w = w + ). 
Proposition 4.3. For all w G W x W , A w ^ (0). 

Proof. Notice first that since the generators of A w and the elements of £ w are 
L x L homogeneous, it suffices to work in the one-parameter case. The proof is 
then similar to that of [|l5[ Theorem 2.2.3] (written in the SX(n)-case). For com- 
pleteness we recall the steps of this proof. The technical details are straightforward 
generalizations to the general case of loc. cit.]. 

For 1 < i < n denote by U q (sU(2)) the Hopf subalgebra of U q (g) generated by 
Gi, fi, kf 1 . The associated quantized function algebra A^ = C q [SL(2)] is naturally a 
quotient of A. Let ai be the reflection associated to the root c^. It is easily seen that 
there exist and M~ , non-zero (Ai)( a . ^ and (Ai)r ei(r A modules respectively. 
These modules can then be viewed as non-zero A-modules. 

Let w+ — Oi x . . .<Ji k and w~ — o~j x . . . Oj m be reduced expressions for w±. Then 



is a non-zero ^4u,-module. □ 



M + ® ■ ■ ■ ® M + ® M ~ ® ■ ■ ■ ® M '- 



In the one-parameter case the proof of the following result was found indepen- 
dently by the authors in [|l6| 1.2] and Joseph in |l^, 6.2]. 

Theorem 4.4. Let P G Spec C 9iP [G] . There exists a unique w G W x W such that 
PD I w and {P/I w ) n£ w =9. 

Proof. Fix a dominant weight A. Define an ordering on the weight vectors of L(A)* 
by / < /' if /' G U q _ p -i (b + )f. This is a preordering which induces a partial ordering 
on the set of one dimensional weight spaces. Consider the set: 

^(A) = {/ G L(A)* | CftVA i P}. 



24 



TIMOTHY J. HODGES, THIERRY LEVASSEUR, AND MARGARITA TORO 



Let / be an element of .F(A) which is maximal for the above ordering. Suppose that 
/' has the sam e property and that / and /' have weights fi and y! respectively. By 
Corollary 3. 10| the two elements Cf tVA and Cf <VA are normal modulo P. Therefore 
we have, modulo P, 

rt rt , _ „(*+A,A)-(# +M y) _ 2(* + A,A)-(# + ^')-(* + /iV) 

But, since w is alternating, 2($ + A, A) - ($ + ^,//) - = 2(A, A) - 2(fj,,fi'). 

Since P is prime and q is not a root of unity we can deduce that (A, A) = (/it,//). 
This forces ji = fif £ W{— A). In conclusion, we have shown that for all dominant A 
there exists a unique (up to scalar multiplication) maximal element <?a £ -^(A) with 
weight — waA, w\ S W. Applying the argument above to a pair of such elements, 
c gA,v A ancl c sa,«a" yields that (w\A, u>a'A') = (A, A') for all A, A' e L+. Then it is 
not difficult to show that this furnishes a unique u>+ 6 such that u> + A = waA 
for all A e L+ . Thus for each A e L+ , 

c g,VA G P ^ — ^ .9 ^ f—w+A- 

Hence P D Z^" and P n = 0. It is easily checked that such a w+ must be 
unique. Using a one deduces the existence and uniqueness of w_. □ 



Definition . A prime ideal P such that P D I w and P D £ w = will be called 
a prime ideal of type w. We denote by Spec tt C qiP [G] , resp. Prim™ C qiP [G] , the 
subset of Spec C q , p [G] consisting of prime, resp. primitive, ideals of type w. 

Clearly Spec^ C g , p [G] = Spec A w and c^Spec^, C q -i tP [G]) — Spec^, C 9iP [G]. The 
following corollary is therefore clear. 

Corollary 4.5. One has 

SpecC g ,p[G] = U u , e w r xwSpec tt ,C 9 ,p[G], PrimC g:P [G] = U„ eWx ^Prim w C q , p [G]. 

We end this section by a result which is the key idea in |Q for analyzing the 
adjoint action of A on A w . It says that in the one parameter case the quantized 
function algebra C q [B~) identifies with U q (b + ) through the Rosso- Tanisaki-Killing 
form, jlO[ [l7| |l8). Evidently this continues to hold in the multi-parameter case. 
For completeness we include a proof of that result. 

Set C giP [P~] = A/I( Wo>e ). The embedding U qjP -i{b~) — » D qp -i(g) induces a 
Hopf algebra map <fi : A — > U qp -i (b~)°, where „-i (b~)° denotes the cofinite 
dual. On the other hand the non-degenerate Hopf algebra pairing ( | furnishes 
an injective morphism 6 : U qp -i(b + ) op — > £/ gp -i(b~)*. 

Proposition 4.6. 1. C 9 . P [P~] is an h-bigraded Hopf algebra. 

2. TTie map 7 — 1 cf> : C qtP [B ] — ► U q p -i (b^) op is an isomorphism of Hopf 
algebras. 

Proof. 1. It is easy to check that I< Wo , e ) is an L x L graded bi-ideal of the bialgebra 
A. Let [i S L + and fix a dual basis f- v } v of L(/i) (with the usual abuse of 
notation). Then 

Taking 7 = 77 = fi yields c p c p = 1 modulo I( wo , e )- If 7 = wofi and 77 7^ wo/i, the 
above relation shows that S(cf v )c—w Q it G I(w ,e)- Thus I( Wo ,e) is a Hopf ideal. 
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2. We first show that 

VA g L+, C/ ,„ A G C(A)_ A ,A, 3!x A G U£_ x , <t>(c f , VA ) = 9{x x ■ fc_ A ). 



(4.1) 



Set c = Cf }VA . Then c{UZ n ) = unless i] = A — A; denote by c the restriction of c 
to C/~. By the non-degeneracy of the pairing on U A _ X x U X _ A we know that there 
exists a unique x\ G C^a_a such that c = 8(x x ). Then, for all y G U X _ A , we have 

c(y • = (f,yk fl - v A ) = q-^- A ^c(y) = q-^- A ^(x x | y) 
= (x x • fc_ A I V ■ k^p-i 



by d3.4Q . This proves flhll ) 



We now show that is injective on A + . Suppose that c = c/ lt , A G C(A)_a.a H 
Ker^, hence c = on U gjP -i(b~). Since L(A) = U a . v -i (b~)^A = D qp -i (g)v\ it 



follows that c = 0. An easy weight argument using (4.1) shows then that (j> is 
injective on A + . 

It is clear that Ker (j> D I(w ,e) > an d that A + A~ = A implies (f>(A) = <j){A + [c M ; /i G 
L + ]). Since c M = c^ 1 modulo I( WOl e) by part 1, if a G A there exists v G L + such 
that (f>(c u )<f)(a) G 0(A + ). The inclusion Ker</> C I( Wo ,e) follows easily. Therefore 7 
is a well defined Hopf algebra morphism. 

If oij G B, there exists A G L+ such that L(A)a_ q . ^ (0). Pick ^ / G 



L(A)*_ A+a ,. Then (|4.l| ) shows that, up to some scalar, 4>(cf^ VA ) = 9(ej ■ fc_ A )- If 
A G L, there exists A G WX n L+; in particular L(A) X ^= (0). Let v G L(A)\ and 
/ G L(A)*_ X such that (f,v) = 1. Then it is easily verified that </>(c/>) — 9{k-\). 
This proves that 7 is surjective, and the proposition. □ 



4.2. The adjoint action. Recall that if M is an arbitrary A-bimodule one defines 
the adjoint action of A on M by 

Va G A, x G M, a,d(a).x = a^xS(a(2))- 

Then it is well known that the subspace of ad-invariant elements M ad = {x G M \ 
Va G A, ad(a).x = e(a)x} is equal to {x G M | Va G A, ax — xa}. 

Henceforth we fix w G W x W and work inside A w . For A G L+, / G L(A)* and 
w G L(A) we set 

Z / =C ioA c /,fAi z u = CwA c v,f-A- 

Let {o>i, . . . , cj„} be a basis of L such that u>i G L + for all i. Observe that c^ac^a' 
and c w a'C w a differ by a non-zero scalar (similarly for c^ac^a')- For each A = 
iiUJi G L we define normal elements of A w by 

n n 
i=l »=1 

Notice then that, for A G L + , the "new" c w a belongs to C*c/_ m+Ajl)A (similarly for 
c u ,a). Define subalgebras of by 

C w = C[zj,z-,c wX ; f G L(A)*,v G L(A), A g L+, A G L] 
C+ = C[z+ ; / G L(A)*, A G L+], C " = C[*" ;w G L(A), A G L+]. 
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Recall that the torus H acts on A\^ by r^(a) = fj,(h)a, where = (fi, h). Since 
the generators of I w and the elements of £ w are eigenvectors for H, the action of 
H extends to an action on A w . The algebras C w and C^j are obviously ii-stable. 

Theorem 4.7. 1. C% = C[zf,z~ ; / G L(A)*,v € L(A), A e L+]. 

2. TTie set D = {c?a ; A G L + } is an Ore subset ofC^. Furthermore A w — (C w )t> 
and A* = (C^)v- 

3. For each A G L, let (A w )\ — {a G | r/j(a) = X(h)a}. Then A w = 
©AeL^?")^ an d (A w )\ — A^c w \ . Moreover each (A w )\ is an ad-invariant sub- 
space. 

Proof. Assertion 1 follows from 

Vh G H, Th(zf) = zf, r h (c w \) = \{h)c w \, r h (c w \) = A(/i)~ 1 c u ,a- 
Let {vi] fi}i be a dual basis for L(A). Then 

1 = e (cf-A,v A ) = ^2s(c f _ A}V Ac n , VA =^2c Vi j_ A c fijVA . 

i i 

Multiplying both sides of the equation by dA and using the normality of c w \ and 
c w A yields dA = aiZ~.z~f. for some ai G C. Thus V C C*f. Now by Theorem 
any element of A w can be written in the form Cf 1 ^ Vl Cf 2iV2 d~ K \ 1 where v\ = v\ l: 



4.1 



t>2 = f-A 2 an d Ai, A2, A G L + . This element lies in (A w )\ if and only if Ai — A2 = A. 
In this case Cf 1 . Vl Cf 2 . V2 d' A \ 1 is equal, up to a scalar, to the element z /^a+a 2 Cu,A e 
(C^)t>c w \. Since the adjoint action commutes with the right action of H, (A w )\ 
is an ad-invariant subspace. The remaining assertions then follow. □ 

We now study the adjoint action of C g , p [G] on A w . The key result is Theorem 



4.12 



Lemma 4.8. Let T A = {z+ | / G L(A)*}. Then C+ = IJagl t a- 

Proof. It suffices to prove that if A, A' G L + and / G L(A)* , then there exists a 
g G L(A + A')* such that z^ = z+. Clearly we may assume that / is a weight 
vector. Let l : L(A + A') —> L(A) ® L(A') be the canonical map. Then 

C j>A C /_„ +A '^A' = C f- w+A l®f,V&®V A , = C 9,V A+A I 

where g = i*(f— w+ A' ® /)• Multiplying the images of these elements in A w by the 
inverse of c ui (a+a') £ C*c w \c w a> yields the desired result. □ 

Proposition 4.9. Let E be an object of C q . p and let A G L + . Let a : L(A) — > 
E (g) L(A) ® E* be the map (1 ® ii)~ r ){i ® 1) where 1 : C — > E ® E* is the canonical 
embedding and ip^ 1 : E* <g) L(A) — » L(A) (g E* is the inverse of the braiding map 
described in §5.5. Then for any c = c g-v G C(i?)_^, 7 and f G L(A)* 

Ln particular is a locally finite C 9jP [G] -module for the adjoint action. 

Proof. Let {vi\gi}i be a dual basis of E where Vi G E Ui , gi G E*_ v .. Then = 
J2 y i® 9i- By d3.5| ) we have 

^~ 1 {g i ® wa) = ai(v A ® c/i) 
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where a* 



-(*+A,i>i) 



q 



(*_Vi,A)^ Q n ^ ne Q^gj. hand the commutation relations 



given in Corollary 3.1C imply that c g ^ Vi c w \ = baiC w \c g , Vi , 
Therefore 

ad(c).z^~ = 2^ b a i c w A c g,ViCf,v A c v , gi = bc wA c v ®f®g^ ai 



where b 



bcZl 



($ + Ul + A,7)) 



A c v®f®g,<?(v A ) ■ 

Since the map a is a morphism of D q p -i (g)-modules it is easy to see that c v ^ f® g ,cr(v A ) 
Let 7 : C giP [G] — > U q ^ p ~i(b + ) be the algebra anti-isomorphism given in Proposi- 



tion 4.6 



Lemma 4.10. Let c = c g , v £ < C qtP [G\- v ,-i, f £ L(A)* be as in the previous theorem 
and x 6 U qp -i(b + ) be such that 7(c) — x. Then 

c S- 1 (x).f,v A ~ c a*(v®f®g),v A - 

Proof. Notice that it suffices to show that 

CS- 1 (x).f,v A {y) = Ca*{v®f®g),v A (y) 

for all y £ U q p -i (b~). Denote by { | ) the Hopf pairing ( | } p -i between U qp -i (b + ) op 
and U q p -i (b _ ) as in §3.4. Let x be the one dimensional representation olU qp -i (b + ) 
associated to va and let \ = X " 7- Notice that x{ x ) = ( x I *-a); so x(c) = c(i_A). 
Recalling that 7 is a morphism of coalgebras and using the relation (c xy ) of §2.3 in 
the double U qiP -i(b + ) N U q ^ p -i(b~), we obtain 

Cs-i(x).f,v A (y) = f{xyvA) 

= ^2( X W I y(l))( x (3) I S(y {3 ))) f(y(2)X(2)VA) 

= ^2( X (l) I 2/(1)) ( X (3) I S(y {3) ))x( x (2)) f(V(2)VA) 

= J2i x (l)X(x(2)) I y(l))(x(3) I 5(2/(3)) /(j/(2)«A) 

= ( c ( 1) X C c (2) ) ) (y(i) ) c (3) (5* (y (3) ) ) f{y {2 )VA) 

= J2 r X ( C « ) ) C /^A (V(2) ) 5" (C (2 ) ) (j/(3) ) . 



Since ^(cg,^) = <2^* _I/ *' A ^ c 9,'u.j > one shows as in the proof of Proposition 4.E that 

Cs-l(x).f,v A (v) = r x( C (l)) (2/(1) ) C /,«A (2/(2) ) 5(0(2)) (2/(3)) 

= J! ^ ( *~ A) ( C 9^ C /."A C ".»i ) ) 
= c <T'(v®f<S>g),v A (y)> 



as required. 



□ 



Theorem 4.11. Consider as a C q ^ p [G]-module via the adjoint action. Then 

1. SocC+ = C. 

2. AnnC+ D I( wo , e )- 

3. The elements c/_ „ , /i € L + , ac/ diagonalizably on C+. 

4. SocC+ = {z e C+ I Annz D /( e , e )}- 



2,x 
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Proof. For A G L + , define a U q p -i (b + )-module by 

S A = (U q , p -i(b + )v w+A )* =L(A)*/(U q . p -i(b + )v w+A ) ± . 

It is easily checked that Soc5a = C/_ k1+ a (see [|l8| 7.3]). Let <5 : 5a — > Ta be 
the linear map given by / i— » zf . Denote by £ the one-dimensional representation 
of C g , p [G] given by ((c) = c(t„ w+A ). Let c = c g>v G C(E)- n ,y Then Zg(c) = 
g (*-^ w + A ) c = g-(*+ l "+ A ^)) c . Then, using Proposition [T| and Lemma |j0| we 
obtain, 

ad(/ c (c)).5(/) = ad(c).z+ = 4- l7 (c)./ = SiS- 1 ^))/). 

Hence, ad(^(c) ).#(/) = 6(S~ 1 ( n f(c))f) for all c G A. This immediately implies 
part (2) since Ker7 D I( Wo ,e) an d h(-^(w .e)) = I(w ,e)- If •S'a is given the structure 
of an >l-module via 5 _1 7, then S is a homomorphism from 5a to the module Ta 
twisted by the automorphism l^. Since 5(f- w+A ) = 1 it follows that S is bijective 
and that SocT A = £(Soc5 A ) = C. Part (1) then follows from Lemma gj. Part (3) 
follows from the above formula and the fact that 7(c/_ v ) = s_ p . Since A/Ir e>e \ 
is generated by the images of the elements Cf v , (4) is a consequence of the 
definitions. □ 

Theorem 4.12. Consider C^j as a C q:P [G]-module via the adjoint action. Then 

Soc C" = C. 



Proof. By Theorem 4.11 we have that SocC+ = C. Using the map er, one obtains 



analogous results for C w . The map C+ <£> C w — * is a module map for the 



adjoint action which is surjective by Theorem 4.1. So it suffices to show that 



SocC+ (g) C w — C. The following argument is taken from pi 



By the analog of Theorem 4.11 for C~ we have that the elements c/_ Ai „ A act 
as commuting diagonalizable operators on C~ . Therefore an element of C+ (g> C~ 
may be written as ^ a, ® bi where the bi are linearly independent weight vectors. 
Let Cf. VA be a generator of Z+. Suppose that a, ® 6, G Soc(C+ ® C~). Then 

= ad(c/,„ A ).(^ aj (g> 6,) = ^ ad(c/ it)j ).a, ® ad(c /j: „ A ).6 l 



E 
E 



ad(c/,„ A ).Oi <8> ad(c/_ A)VA ).bj 



d(cf. VA ).a t <S> a t h 



for some cti G C*. Thus ad(c/^ A ).aj = for all i. Thus the are annihilated by 
the left ideal generated by the c/^ A . But this left ideal is two-sided modulo I{ WQ ,e) 
and AnnC+ D I( Wo ,e)- Thus the are annihilated by I( e ,e) an< i so h e m SocC+ 
by Theorem [Hi} Thus £ a* ® h G Soc(C (g) C") = C <g) C. □ 

Corollary 4.13. The algebra contains no nontrivial ad-invariant ideals. Fur- 
thermore, (^) ad = C. 



Proof. Notice that Theorem 4.12] implies that C^f contains no nontrivial ad- invariant 



ideals. Since A^ is a localization of C^f the same must be true for A^. Let 
a G (v4^) ad \C Then a is central and so for any a G C, (a — a) is a non-zero 
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ad-invariant ideal of . This implies that a — a is invertible in for any a G C. 
This contradicts the fact that A^ has countable dimension over C. □ 

Theorem 4.14. Let Z w be the center of A w . Then 

i 7 —Aad. 

1. Zj w — A Kt , 

2. Z w = AeL Z\ where Z x = Z w n A^c wX ; 

3. If Z\ ^ (0), then Z\ = Cu\ for some unit u\; 

4. The group H acts transitively on the maximal ideals of Z w . 



Proof. The proof of (1) is standard. Assertion (2) follows from Theorem 4.7. Let u\ 
be a non-zero element of Z\. Then u\ = ac w \ 1 for some a G A^. This implies that 
a is normal and hence a generates an ad-invariant ideal of A^. Thus a (and hence 



also u\) is a unit by Theorem 4.13] . Since Zq = C, it follows that i?A = Cua- Since 



the action of H is given by rh{u\) = \(h)u\, it is clear that H acts transitively on 
the maximal ideals of Z w . □ 

Theorem 4.15. The ideals of A w are generated by their intersection with the cen- 
ter, Z w . 

Proof. Any element / G A 

w rn&y be written uniquely in the form / — cl\c w \ 
where a\ G A^ . Define it : A w — > A^ : to be the projection given by 7r(^ a\c w \) = 
ao and notice that 7r is a module map for the adjoint action. Define the support of 
/ to be Supp(f) = {A e L | a A ^ 0}. Let / be an ideal of A w . For any set Y C L 
such that G Y define 

I Y = {b e A" \ b = 7r(/) for some f € I such that Supp(f) C Y~} 

If / is ad-invariant then Iy is an ad-invariant ideal of A^ and hence is either (0) 
or A*. 

Now let I' = (If) Z W )A W and suppose that I ^ I'. Choose an element / = 
a x c w\ G A^' whose support S has the smallest cardinality. We may assume 
without loss of generality that G S. Suppose that there exists g G I' with 
Supp(g) C S. Then there exists a g' G /' with Supp(g') C 5 and 7r(</) = 1. But 
then / — aoff' is an element of I' with smaller support than F. Thus there can be 
no elements in /' whose support is contained in S. So we may assume that 7r(/) = 
a = 1. For any c G C q _ p [G], set / c = ad(c)./ — e(c)/. Since 7r(/ c ) = it follows 
that |5ttpp(/ c )| < \Supp\f)\ and hence that f c = 0. Thus f £ I D A^ — In Z w , a 
contradiction. □ 

Putting these results together yields the main theorem of this section, which 



completes Corollary 4.5 by describing the set of primitive ideals of type w. 



Theorem 4.16. For w G W x W the subsets Prim^ C gjP [G] are precisely the H- 
orbits inside PrimCg )P [G]. 

Finally we calculate the size of these orbits in the algebraic case. Set = 
{A G L | Z\ 7^ (0)}. Recall the definition of s(w) from ( |1.3| ) and that p is called 
g-rational if u is algebraic. In this case we know by Theorem [O] that there exists 
m G N* such that $(mL) C L. 

Proposition 4.17. Suppose thatp is q-rational. LetX G L andyx = c w &_ m \Cwm +m \- 
Then 



:!() 
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1. y\ is ad-semi-invariant. In fact, for any c S A- v ^, 

ad(c).y A = q^^^e^yx. 

where <j(w) = $_«;_<!> _|_ — 

2. L w n 2mL = 2 Ker a{w) PI mL 

3. dim Z w = n — s(w) 



Proof. Using Lemma 4.2, we have that for c G 

C yx — g (*+" , + *- mA .-';) g (*+*- mA :7)g(*-i"-*+niA : ) ) )^(*_* + mA,-7)^ c 

From this it follows easily that 

ad(c).y A = q^ w ^e(c)y x . 



Since (up to some scalar) y\ — d^t,X < ^mX c wm\ ^ f° uows from Theorem 4.7 that 
y\ € (Ao)-2mA. However, as a C<j,p[G]-module via the adjoint action, A w y\ = 
(g) Cj/a and hence SocA^j/a = Q/A- Thus Z_ 2m A 7^ (0) if and only if j/a is 
ad-invariant; that is, if and only if mo~(w)X = 0. Hence 

dimZ u , = rkL„, = rk(L„, n 2mL) = rkKer m L cr(w) 

= dim Kerf,* o~{w) — n — s(w) 

as required. □ 

Finally, we may deduce that in the algebraic case the size of the of the if -orbits 



Symp^, G and Prim^, C S)P [G] are the same, cf. Theorem 1.8 



Theorem 4.18. Suppose that p is q-rational and let w € W x W. Then 
VP 6 Prirn^, C qiP [G\, dim(H/ Stab H P) = n - s{w). 



Proof. This follows easily from theorems }4.15| , [4.16| and Proposition }4.17| . □ 
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